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EUCLID'S ELEMENTS, BOOK L 
Definitions. . - 

1. A point is that wHch has position, but not magnitude. 

2. A line is length mthout breadth. 

3. The extremities of a line are points. 

4. A straight line is that which lies evenly between its 
extreme points. 

5. A superficies (or surface) is that which has only length 
and breadth. 

6. The extremities of a superficies are lines. 

7. A plane superficies is that in which any two points 
being taken, the straight line between them lies wholly in 
that superficies. 

8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 

9. A plane rectilineal angle is the inclination 

of two straight lines to one another, which meet 
together, but are not in the same straight line. 

Note. — ^When several angles are at one point B, any one of them is 
expressed by three letters, of which the middle letter is B, and the 
first letter is on one of the straight lines which contain the angle^ . 
and the last letter on the other line. 
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ThvLE, the angle contained by the straight lines AB and SO is 
pressed either by ABC or CBA, and the angle contained. l>^ ^J3 




y^ 





BD is expressed either by ABD or DBA. When there is only on 
au^le at any given point, it may be expressed by the letter at tlia 
point, as the angle K, 



10. When a straight line standing on another 
straight line makes the adjacent angles equal 
to one another, each of the angles is called a 
right angle; and the straight line which stands 
on the other is called a perpendicular to it. 




1 1 . An obtuse angle is that which is gi^eater 
than a right angle. 



12. An acute angle is that which is less 
than a right angle. 

13. A term or boundary is the extremity of anjrthing. 

14. A figure is that which is enclosed by one or mora 

boundaries. 

15. A circle is a plane figure contained by 
one line, which is dAled the circumference, 
and is such, that all straight lines drawn 
from a certain point within the figure to the 
circumference are equal to one another. 

IG. And this point is called the centre of the circle, [and 
any straight line drawn from the centre to the circumference 
is called a radius of the circle]* 
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1 7. A diameter of a circle is a straight line drawn tliroiigh 
tlie centre, and terminated both ways by the cii'cumfei'ence. 

18. A semicircle is the figure contained by a diameter and 
the part of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by a 
Bti-aight line and the part of the circumference which it 
cuts off. 

20. Rectilineal figures are those which are contained by 
sti'aight lines. 

21. Trilateral figures^ or triangles, by three straight lines. 

22. Quadrilateral figures, by four straight lines. 

23. Multilateral figures, or polygons, by more than four 
sti-aight lines, 

24. Ofthree-sided figures an equilateral triangle / 
is that which has three equal sides. / 




« 



25. An isosceles triangle is that which lias only 
two sides equal. 



26. A scalene triangle is that which has three / 
unequal sides. / 



A 



27. A right-angled triangle is that which has 

a right angle. y I 

28. An obtuse-angled triangle is that which « 

has an obtuse angle. 



29. An acute-angled triangle is that which 
has three acute angles. 




8 GEOMETRY. 

30. Of four-sided figures, a square is that ^whicl 
has all its sides equal, and all its angles right angles 






31. An oblong is that which has all its angles 
right angles, but not all its sides equal. 



32. A rhombus is that which has all its sides 
equal, but its angles are not right angles. 



33. A rhomboid is that which has its 
opposite sides equal to one another, but all its 
sides are not equal, nor its angles right angles. 

' 34. Parallel straight lines are such as are 

in the same plane, and which being produced 

ever so far both ways do not meet. 

35. A parallelogram is a four-sided figure of which the 
opposite sides are parallel ; and the diagonal is the straight 
line joining two of its opposite angles. All other four-sided 
figures are called trapeziums. 

Postulates. 

1. Let it be granted that a straight line may be drawn from 
any one point to any other point. 

2. That a terminated straight line may be produced to any 
length in a straight line. 

3. And that a circle may be described from any centre, at 
any distance from that centre. 

Axioms. 

1. Tilings which are equal to the same thing are equal to 
one another. 

2. If equals be added to equals the wholes are equal 
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3. If equals be taken from equals the remainders are equal. 

4. If equals be added to unequals the wholes are unequal. 

5. If equals be taken from unequals the remainders are 
unequal. 

G. Things which are double of the same are equal to one 
another. » 

7. Things which are halves of the same are equal to one 
another. 

8. Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 

9. The whole is greater than its part. 

10. Two straight lines cannot inclose a space. 

11. All right angles are equal to one another. 

12. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines being 
continually produced shall at length meet on that side 
on which are the angles which are less than two right 
angles. 



Explanation of Terms and Abbreviations. 

An Axiom is a tiiith admitted without demonstration. 

A Theorem is a truth which is capable of being d^ 
monstrated from previously demonstrated or admitted 
truths. 

A Postulate states a geometrical process, the power of 
effecting which is required to be admitted. 

A Problem proposes to effect something by means of 
admitted processes, or by means of processes or constmc- 
tions, the power of effecting which has been pi-eviously 
demonstrated. 

A Corollary to a proposition is an inference which may be 
easily deduced fi*om that proposition. "^ 

The sign = is used to express equality, 

L means angle, and A. siguiiies triaiigU, 
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The sign =>• signifies <' is greater than^^ and <= '^ is l^ss 

than." 

+ expresses addition ; thus A£ + £C is the line 
whose length is the mmh of the lengths of 
AB and BC. 

» expresses subtraction ; thus AB - BC is 
the excess of the length of the line AB above 
that of BC. 

AB' means the square described upon the 
straight line AB. 



From cen- 
tres A aud 
fe. and ra- 
dius =AB, 
describe 
circles* 




AC=AB. 



BC=Aa 



AC and 60 
each=AB. 

Av^Bv. 



.-.ABsnBC 
kCA. 



Proposition 1. — ^Problem. 

To describe cm equilateral triangle on a given finite straigJtt 
line. 

Let AB be the given straight line. 

It is required to describe an equilateral triangle on AB. 

CoNSTBUCTiON. — From thecentre 
A, at the distance AB^ describe the 
circle BCD (Post 3). 

From the centre B, at the dis- 
tance BA, describe the circle ACE 
(Post. 3). 

From the point C, in which the 
circles cut one another, draw the 
straight lines CA, CB to the points A and B (Post. I). 

Then ABC ahall he an equilateral triangle. 

Proof. — Because the point A is the centre of the circle 
BCD, AC is equal to AB (Def. 15). 

Because the point B is the centre of the circle AC£, BC 
is equal to BA (Def. 15). 

Therefore AC and BC are each of them equal to AB. 

But things which are equal to the same thing are equal to 
one another. Therefore AC is equal to BC (Ax. 1). 

Therefore AB, BC, and CA are equal to one another. 
Therefore the triangle ABC is equilateral, and it is de- 
scribed on the given straigbt line AB. Which was to be done. 



■-T" 
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Proposition 2.— Problem. 

From a given point to draw a straight Une equal to a given 
straight line, 

Liet A be the given point, and BC the given straight line. 

It is required to draw from the point A a straight line 
equal to £C. 

CoNSTBUGTiON. — From the point A to B draw the straight Draw ab. 
line AB (Post. 1). 

Upon AB describe the equilateral triangle DAB (Book I., ^ DABe- 

Prop. 1). quilatend. 

I^x)duce the straight lines DA, DB, to E and F (Post. 2). 

From the centre B, at the dis- ^.^-^x--^ fre""*"" 

tance BC, describe the circle CGH, 
meeting DF in G (Post. 3). 

From the centre D, at the dis- / /''iv^N \ D»scen- 

tance DG, describe the circle GKL, ^ 

meeting DE in L (Post. 3). 

Then AL shall he equal to BO. 

Pboof. — Because the point B is "'^*--pa*=^ bc=sBO. 

the centre of the circle CGH, BO is 
equal to BG (Def. 15). 

Because the point D is the centre of the circle GKL, DL dl=dg. 
is equal to DG (Def. 15). 

But DA, DB, parts of them, are equal (Oonstruction). da=dr 

Therefore the remainder AL is equal to the remainder BG j^^^^ ^ 
(Ax. 3). 

But it has been shown that BO is equal to BG. 

Therefore AL and BO are each of them equal to BG. in'^^.h^ 

But thii^ which are equal to the same thing are equal to bg. 
one another, therefore AL is equal to BO (Ax. 1). 

Therefore from the given point A a straight line AL has /^al 
been drawn equal to the given straight line BO. Which was 
to be done. 

Proposition 3. — Problem. 

From the greater of two given straight lines to cut off" a part 
equal to the less. 

Lest AB and be the two given straight lines, of which 
AB is the greater. 




BC. 



mC. 
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It is required to cut off from AB, the greater, a part eqixa 
to C, the lesa 

Make AD ^ ^ CONSTEUCTION. — ^From the point A 

draw the straight line AD equal to C 
(L2). 

mnd SdiM (4 a TS 5 ^^™L the Centre A, at the distance 

An \\ J AD, describe the circle D£F, cutting 

AB in E (Post. 3). 

Then AE ^mH he equal to C. 
Proof. — ^Because the point A is the centre of the circle 
AE=AD. DEF, AE is equal to AD (Def. 15). 
AD=c. £^^ Q ig jjgQ equal to AD (Construction). 

4lch^^D. Therefore AE and C are each of them equal to AD. 
.; AE=c. Therefore AE is equal to (Ax. 1). 

Therefore, from AB, the greater of two given straight lines, 
a part AE has been cut off, equal to C, the less. Q, E. F,^ 

Proposition 4.~Theorem. 

If two iriomgles have two sides of the one equal to two sides 
of the other ^ ea>ch to each, and have also the angles contained 
by those sides eqtuil to one another : they shall have their hcbseSy 
or third sides, eqiial; and the two tricmgles shall he eqttal, and 
their other angles shall he equal, each to each, viz., those to 
which the equal sides are opposite. Or, 

If two sides and the contained angle of one triangle he re- 
spectively eqiuil to those of another, the triangles are equal in 
every respect 

Let ABC, DEF be two triangles which have 
The two sides AB, AC, equal to the two sides DE, DF, 
j^Q^jyy each to each, viz., AB equal to 

A n DE, and AC equal to DF. 

1 EDF.^ /\ / \ -^^d *^® angle BAC equal to 

the angle EDF : — then — 

The base BC shall be equal 
to the base EF ; 

The triangle ABC shall be 
equal to the triangle DEF ; 

* Q. E. F. LB an abbreviation for quod erat facieivdum, that is *' %ih\ch 

mnna #/» hit (^(^JJ^, " 



AB:=DE. 
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And the oilier angles to which the equal sides are opposite^ 
Bhall be eqiml, each to each, viz., the angle ABC to the angle 
DEF, and the angle ACB to the angle DFE. 

Proof. — For if the triangle ABC be applied to {or placed Suppose 
^on) the triangle DEF, \^l^ ^ 

So that the point A may be on the point "D, and the a'der 
straight line AB on the straight line D£, 

The point B shall coincide with the point £, because AB 
is equal to DE (Hypothesis). 

Ajid AB coinciding with DE, AC shall coincide with DF, 
because the angle BAC is equal to the angle EDF (Hyp.). 

Therefore also the point C shall coincide with the point F, 
because the straight line AC is equal to DF (Hyp.). 

But the point B was proved to coincide with the point E. 

Therefore the base BC shall coincide with the base EF. 

Because the point B coinciding with E, and C with F, if 
the base BC do not coincide with the base EF, two straight 
lines would enclose a space, which is impossible (Ax. 10). 

Therefore the base BC coincides with the base EF, and is bc=ef. 
therefore equal to it (Ax. 8). 

Therefore the whole triangle ABC coincides with the whole .'. A abo 
triangle DEF, and is equal to it (Ax. 8). =-^ i>^- 

And the other ancles of the one coincide with the remain- z abc =s 
ing angles of the other, and are equal to them^ viz., the angle ^ Xcbzs 
ABC to DEF, and the angle ACB to DFE. ^ i>f e. 

Therefore, if two triangles havci ^ (see Enunciation). 
Which was to he shown. 

Proposition 6.— Theorem. 

The angles at the base of a/n, isosceles triangle are equal to 
one ano ther ; and if the equal sides he produced, tlie angles upon 
the other side of the hose shall also he equal. 

Let ABC be an isosceles triangle, of which the side AB is ab s xa 
equal to the side AC. 

Let the straight lines AB, AC {tits equal sides of tlie tri- 
angle)^ be produced to D and E. 

The angle ABC shall be equal to the angle ACB {angles 
althe has^, 
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And the angle OBD shall l:>e equal to the aiigle BCII 
(arufles upon the other side o/t/ie base). 

Construction. — In BD take any i>oirLt 
F. 
A.a = Ar, / \ From AE, the greater, cut off AGr, 

equal to AF, the less (I. 3). 

Join FC, GB. 

Proof. — Because AF is equal to AGf- 
(Construction), and AB is equal to AO 

(Hyp.), 

FA.ACro- / V Therefore the two sides FA, AC are 

*':QA, AB. x( \ equal to the two sides GA, AB, each to 

each ; 

And they contain the angle FAG, common to the two 
triangles AFC, AGB. 
/. FC=GB Therefore the base FC is equal to the base GB (I. 4); 
= A AGB? -^^ *^® triangle AFC to the tiiangle AGB (I. 4) ; 

And the remaining angles of the one are equal to the 
z A3G.^ reniaining angles of the other, each to each, to which the 
/ AFC = equal sides are opposite, viz., the angle ACF to the angle 

And because the whole AF is equal to the whole AG, of 
which the parts AB, AC, are equal (Hyp.), 
BF=co. The remainder BF is equal to the remainder CG (Ax. 3). 
And FC was proved to be equal to GB ; 
Therefore the two sides BF, FC are equal to the two sides 
CG, GB, each to each. 

And the angle BFC was proved equal to the angle 
CGB; 

Therefore the triangles BFC, CGB ai'e equal; and their 
other angles are equal, each to each, to which the equal sideii 
are opposite (I. 4). 
£. z FBC Therefore the angle FBC is equal to the angle GCB, and 
7bcf =* the angle BCF to the angle CBG. 

z CBG. ^^4 since it has been demonsti*ated that the whole angle 

ABG is equal to the whole angle ACF, and that the pai*ta of 
these, the angles CBG, BCF, are also equal, 
/. / ADC ITierefore the remaining angle ABC is equal to the remain- 
* * .iug angle ACB (Ax. 3), 

' \ are the angles at the base of the triangle ABC. 
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And it has been proved that the angle FBC is equal 

to the angle GCB (Dem. 11), 

Which are the angles upon the other side of the base, 
Therefore the angles at the base, &c, (see Enunciation). 

Which v}ct8 to be shown. 

Corollary. — ^Hence every equilatei-al triangle is also 
equiangular. 

Proposition 6. — Theorem. 

]f two angles of a triangle be eqtuil to one anotlier, the 
sides also which suhtend, or are opposite to, the eqv>al angles, 
shall be equal to one anotJier. 

Let ABC be a triangle having the angle ABC equal to 
the angle ACB. 

The side AB shall be equal to the side AC. 

For if AB be not equal to AC, one of them is greater Suppose 
than the other. Let AB be the greater. ab > ac. 

Construction. — From AB, the greater, cut off a part DB, Make 
equal to AC, the less (I. 3). ^^ = ^^v 

Join DC. 

Proof. — Because in the triangles DBC, ACB, DB is 
equal to AC, sCnd BC is common to both, 

Therefore the two sides DB, BC are equal 
to the two sides AC, CB, each to each ; 

And the angle DBC is equal to the angle 
ACB (Hyp.) 

Therefore the base DC is equal to the base 
AB (L 4). 

And the triangle DBC is equal to the tri- 
angle ACB (I. 4), the less to the greater, ^^ ^° ^^^ 
which is absurd. 

Therefore AB Ls not unequal to AC, that is, it is equal to it. 

Wherefore, if two angles, <fec. Q, E, D. * 

Corollary. — Hence every equiangulai* triangle is also 
equilateral. 

* Q. E. D. is an abbreviation for quod erat demonstrandum, that ia, 
** which was to Oe altown or proved^" 
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Proposition 7. — Theorem. 

Upon tlie same base, and on t/ie same side of it, tJiere cannot 
he two triangles t/iat have tlieir sides, which are temmiated in 
one exti'eviity of t/ie base, equal to one anotJtjer, and likewise 
tliose whidb are temiitiated in the otJier extremity. 

Let the triangles ACB, ADB, upon the same base AB, 
and on the same side of it, have, if possible, 
Suppow c Their sides CA, DA, terminated in the 

CA=DA. Ar~A extremity A of the base, equal to one 

another ; 
C£ ~ DB. / / \ \ -^^^ their sides CB, DB, terminated in 

the extremity B of the base, likewise 
equal to one another. 

Case I. — Let the vertex of each triangle 

A B be without the other triangle. 

Construction. — Join CD. 

Proof. — Because AC is equal to AD (Hyp.), 

The triangle ADC is an isosceles triangle, and the angle 

<^ACD= ACD is therefore equal to the angle ADC (L 5). 

i ADC. ^^^ ^^^ ^j^gl^ ^Qjy jg greater than the angle BCD (Ax. 9). 

Therefore the angle ADC is also greater than BCD. 
BDC > Much more then is the angle BDC greater than BCD. 

*^^* Again, because BC is equal to BD (Hyp.), 

The triangle BCD is an isosceles triangle, and the angle 
i BCD." BDC is equal to the angle BCD (I. 5). 

But the angle BDC has been shown to be greater than the 
angle BCD (Dem. 5). 
z BDC = Therefore the angle BDC is both equal to, and greater than 
1"bcd. ^® same angle BCD, which is impossible. 

Case II. — Let the vertex of one of the 
triangles fall within the other. 

Construction. — Produce AC, AD to 
E and F, and join CD. 

Proof. — Because AC is equal to AD 
(Hyp.), 
Again // ^\ ThetriangleADCisan isosceles triangle, 

^ ^cd = aL -^ j^i^j tl^g ^,ng\e& ECD, FDC, ui^on the other 

Riflft nf ifa base CD, are equal to one another (L 5). 
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But the angle ECD is greater than the angle BCD (Ax. 9). 

Therefore the angle FDO is likewise greater than BCD. 

Much more then is tlie angle BDC greater than BCD. i bcd. 

Again, because BC is equal to BD (Hyp.), 

The triangle BDC is an isosceles triangle, and the angle zbdc = 
BDC is equal to the angle BCD (I. 5). ^ ^^^• 

But the angle BDC has been shown to be greater than the 
angle BCD. 

Therefore the angle BDC is both equal to, and greater than /, i bdo 
the same angle BCD, which is impossible. ^ z BCD. 

Thei'efore, ujx)n the same base, «fec. Q, E, Z>, 

Proposition 8. — Theorem, 

If two triangles have two sides of tJie one equal to two sides 
of the other, each to each^ and Jiave likewise their hoses eqicalf 
the angle which is contained hy the two sides of the one shall 
be equal to the angle contaiQied by tlie two sides, equul to them^ 
of the other. Or, 

If two triangles have three sides of the one respectively equal 
to the three sides of the oilier, they are equal in every respect^ 
those angles being equal which are opposite to the equal sides. 

Let ABC, DEF be two triangles which have 

The two sides AB, AC equal to the two sides DE, DF, ^^en ^^ 
each to each, viz., AB to DE, and AC to D¥, ac =. d/. 

And the base BC equal to the base EF. ^^J? _ Ep 

The angle BAC shall be equal to the angle EDF. 

Proof. — For if the triangle ABC be applied to the triangle 
DEF, 

So that the point B may be on E, and the straight lino BC 
on EF, 

The point C shall coin- x D e Make bo 

cide with the i)oint F, Vv Wt\ wUb'^KF 

because BC is equal to EF 

(Hyp.). 

Therefore, BC coincid- 
ing with EF, BA and AC 
eliall coincide with ED 
and DF. 

For if the base BC coincides with the base EF, 

B 
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But the sides BA, AC, do not coincide with the sidei 
ED, DF, but have a different situation, as EG, GF, 

Then upon the same base, and on the same side of it, there 
Avill be two triangles, which have their sides terminated in 
one extremity of the base equal to one another, and like^rise 
their sides, which are terminated in the other extremity. 
But this is impossible (L 7). 
J. BA, AC Therefore, if the base BC coincides with the base EF, the 
iy'^oide sides BA, AC must coincide with the sides ED, DF. 
EO^^DF Therefore the angle BAG coincides with the angle EDF, 
and is equal to it (Ax. 8). 

Also the triangle ABC coincides with the triangle DEF 
and is therefore equal to it in every respect (Ax. 8). 
Therefore, if two triangles, <kc. Q, £, D. 



Make 
AislaAD. 

A DEF e- 
quilateral. 



s Z EAF. 



Proposition 9. — Problem. 

To bisect a given rectilineal angle, thai is, to divide it into two 

eqital parts. 
Let BAG be the given rectilineal angle. 

It is required to bisect it. 
Construction. — Take any point D in AB. 
From AG cut off AE equal to AD (I. 3). 
Join DE. 

Upon DE, on the side remote from A, de- 
scribe an equilateral triangle DEF (L 1). 
B !• d Join AF. 

T/ien tJie straight line AF sliaU bisect the angle BAG. 
Proof. — Because AD is equal to AE (Const.), and AF is 
common to the two triangles DAF, EAF; 

The two sides DA, AF are equal to the two sides EA, 
AF, each to each ; 

And the base DF is equal to the base EF (Const,) ; 
Therefore the angle DAF is equal to the angle EAF (I. 8). 
Therefore the given rectilineal angle BAG is bisected by 
the straight line AF. Q. E, F, 




Proposition 10. — Problem. 

To bisect a given Jinite straight line, that is, to divide it iiUo 
two equal parts. 
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Let AB be tlie given straight line. 

It is required to divide it into two equal 2>arts. 

Construction. — Upon AB describe the 
equilateral triangle ABC (I. l). 

Bisect the angle ACB by the straight line 
CD (I. 9). 

TJien AB aJtull he cut into two equal parts 
in tJiS point D. 

Pboop. — Because AC is equal to CB 
(Const.), and CD common to the two triangles ACD, BCD ; 

The two sides AC, CD are equal to the two sides BC, 
CD, each to each ; 

And the angle ACD is equal to the angle BCD (Const.) ; 

Therefore the base AD is equal to the base DB (I. 4). 

Therefoi*e the straight line AB is divided into two equal 
jjai-ts in the point D. Q, E, F, 




Make 
d ABCe- 
quilateral 
and 

/ACD =* 
/BCb. 



AD 



Dh. 



/ 



P 

A 



Mako CR 
= CD ttii4 
A DEF t . 

quilateral. 



Proposition 11. — ^Problem. 

To draw a straight line at right angles to a given straight 
line from a given point in t/ie same. 

Let AB be the given straight line, and C a given point in it. 

It is required to di*aw a straight line from the i>oint C at 
right angles to AB. 

Construction. — ^Take any jioint D in AC. 

Make CE equal to CD (I. 3). 

Upon DE describe the equilateral triangle DFE (I. 1). 

Join FC. 

27ien FC shall he at right angles 
to AB, 

Proof. — Because DC is equal to 
CE (Const), and FC common to 
the two triangles DCF, ECF ; 

The two sides DC, CF, are equal a i> 
to the two sides EC, CF, each to each ; 

And the base DF is equal to the base EF (Const.) ; 

Therefore the angle DCF is equal to the angle ECF (I. 8) ; ^ per 

And they are adjacent angles. ^ ^^^' 

But when a straight line, standing on another sti-aight 
line, makes the adjacent angles eqiu\l to one another, each of 
the angles is called Vk right fingle (Def. 10) ; 



z 



\ 
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/. / DCF, 
/ ECF are 

right 



Make 

L AUE a 
right L 



/CEE = 
L £]iA. 

and 

/DBE = 
ZECA. 



.*. z. DBE 
= L CBE. 



D 



CD as ra- 
dius. 



Bisect FG 
iiiH. 



Therefore each of the angles DCF, ECF is a right angle. 
Therefore from the given j)oint C in the given straiglit line 
AB; a sti-aight line FC has been drawn at light angles to 
AB. Q,E.F. 

Corollary. — By help of this problem, it may be demon- 
strated that 

Two straight lines cannot have a common segment. 
If it be possible, let the two straight lines ABC, ABD, 
IE have the segment AB common to 

both of them. 

Construction. — From the point 
B, draw BE at i-ight angles to A B 

(I- 11)- 

-^ B c Proof. — Because ABC is a 

straight line, the angle CBE is equal to the angle EBA 
(Def. 10). 

Also, because ABD is a straight line, the angle DBE is 
equal to the angle EBA (Def. 10). 

Therefore the angle DBE is equal to the angle CBE. The 
less to the greater; which is impossible. 

Therefore two straight lines cannot have a common seg- 
ment. 

Proposition 12. — ^Problem, 

To draw a straight line perpendicular to a given straight 
line of 'unlimited length^from a given point without it 

Let AB be the given straight line, which may be produced 
to any length both ways, and let C be a point without 't 

It is required to draw from the point C, a straight line 
perpendicular to AB. 

Construction. — Take any point 
D upon the other side of AB. 
From the centre C, at the distance 
M CD, describe the cii'cle EGF, meetr 
y ing AB in F and G (Post. 3). 
G B Bisect FG in H (I. 10). 
Join CF, CH, CG. 
Then CH shall he perjyendicular to AB. 
Proof. — Because FH is equal to HG Const.), and HO 
common to the two tiiangles FHC, GHC. 
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The t-vro sides FH, HO are equal* to tlie two sides GH, 
HC, each to each ; 

And the base OF is equal to the base CGr (Def. 15) ; 

Therefore the angle CHF is equal to the angle CHG (I. 8), /. adjacent 
and they are adjacent angles. chf^chq 

But when a straight line, standing on another straight ^^ equal. 
line, makes the adjacent angles equal to one another, each of 
the angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it (Def. 10). 

Therefore, from the given point C, a perpendicular has 
been drawn to the given straight line AB. Q, E, F. 



Proposition 13. — Theorem. 

T7i€ angles which one straight line makes with anoth&r upon 
one side of it, are eit/ier two right angles, or are together equal 
to two right a/ngles. 

Let the straight line AB make with CD, upon one side of 
it, the angles CBA, ABD. 

These angles shall either be two right angles, or shall to- 
gether be equal to two right angles. 

Proof. — If the angle CBA be equal to the angle ABD, 
each of them is a right angle (Def. 10). 

But if the angle CBA be not equal to the angle ABD, 
from the point B, draw BE at right angles to CD (I. 11). 

Therefore the angles CBE, EBD, are two right angles. 

Now the angle CBE is equal to the two angles CBA, ABE; 
to each of these equals add the angle EBD. 

» A 



D 



B 




Therefore the angles CBE, EBD, are equal to the three 
angles CBA, ABE, EBD (Ax. 2). 

Again, the angle DBA is equal to the two angles DBE, 
£BA ; to each of these equals add the angle ABC. 

Therefore the angles DBA, ABC, are equal to the three 
angles DBE, EBA, ABC (Ax. 2). 



Make 

^ CBEaa 

Z EBD=» 

a right z . 



Z EBD=> 
z CBA + 
Z ABE + 
Z EBD, al- 
so z DBA 
4- Z ABO 
» Z DBE 
+ Z EBA 
•+ Z ABO. 
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But the angles CBE, EBD have been shown to be equal 
to the same three angles ', 

And things which are eqnal to the same thing are equal 
to one another ; 
.'. z CBE Therefore the angles CBE, EBD, are equal to the angles 
i ' DBA J^BA, ABC (Ax. 1). 
+ z ABC. But the angles CBE, EBD are two right angles. 

Therefore the angles DBA, ABC, are together equal to 
two right angles (Ax. 1). 

Therefore, the angles which one straight line, «kc. <?. JF. />. 



Given 
i ABC-f 
z ABD= 
two lighf 
aiigltss. 



If possible, 
let CBE be 

a straight 
line. 



A z ABE 
= z ABD. 



Proposition 14. — Theorem. 

If, at a point in a straight Ihie, two other straight lines, 
upon the opposite sides of it, make tJie adjacent angles together 
equal to two right angles, these two straight lilies shall be in 
one and the samie straight line. 

At the point B in the straight line AB, let the two 

straight lines BC, BD, upon the 
opposite sides of AB, make the ad- 
jacent angles ABC, ABD together 
equal to two right angles. 

BD shall be in the same straight 
line with BC. 
E For if BD be not in the same 
■jg sti'aight line with BC, let BE be in 
the same straight line with it. 

Proof. — Because CBE is a straight line, and AB meets 
it in B. 

Therefore the adjacent angles ABC, ABE are together 
equal to two right angles (I. 13). 

But the angles ABC, ABD, are also together equal to two 
right angles (Hyp.) ; 

Therefore the angles ABC, ABE, are equal to the angles 
ABC, ABD (Ax. 1). 

Take away the common angle ABC. 

The remaining angle ABE is equal to the remaining angle 
ABD (Ax. 3), the less to the greater, which is impossible ; 

Therefore BE is not in the same straight line with BC. 
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And, in like maimer, it may be demonstrated that no 
other can be iu tiae same straight line with it but BD. 
Therefore BD is in the same straight line with BCL 
Theivfore^ if at a point, <Sx3. Q. E, Z). 



Proposition 15, — Theorem/ 

If two straight lines cut one another, the vertical, or opposite 
angles sJiaU he equal. 

Let the two straight lines AB, CD cut one another iu the 
|>oint E. 

The angle AEC shall be equal to C' 
angle DEB, and the angle CEB to 
the angle AED. A e'^^^] B 

Proop. — Because the straight line q ^ cea -v 

AE makes with CD, the angles CEA, ^ aed - 

AED, these angles are together equal to two i-ight angles ai^ea. 
(I. 13). 

Again, because the sti'aight line DE makes with AB the 
angles AED, DEB, these also are together equal to two right / deb = 
angles (I. 13). ^.^L' 

But the angles CEA, AED have been shown to be 
together equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AED, DEB (Ax. 1). 

Take away the common angle AED. 

The remaining angle CEA is equal to the remaining angle . ^ ^^.^^ 
DEB (Ax. 3). = ^ Di JB- 

In the same manner it can be shown that the angles CEB, 
AED are equal. 

Therefore, if two straight lines, &c. Q. E. D, 

CoBOLLART 1. — From this it is manifest that if two 
straight lines cut one another, the angles which they make at 
the point where they cut, are together equal to four right 
angles. 

Corollary 2. — And, consequently, that all the angles 
made by any number of lines meeting in one point are 
together equal to four right angles, provided that no one of 
the angles be included in any other angle. 
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Proposition 16. — Theorem. 

If otie side of a triangle he prodiiced, tlie exierior angle 
Bhall he greater tJmn eitJier of the interior opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D. 
The exterior angle ACD shall be greater than either of the 

interior opposite angles CBA, BAG. 

Make A yi CONSTRUCTION. — Bisect AC in E 

(L 10). 
jbJj^^BE. / J^ / Join BE, and produce it to F, 

making EF equal to BE (1. 3), and 

joinFC 

Proof. — Because AE is equal to 

EC, and BE equal to EF (Const), 

AE, EB are equal to CE, EF, 

each to each ; 

And the angle AEB is equal to the angle CEF, because 

they are opposite vertical angles (I. 15). 

Therefore the base AB is equal to the base CF (I. 4) ; 

And the triangle AEB to the triangle CEF (I. 4) ; 

And the remaining angles to the remaining angles, each to 

each, to wliich the equal sides are opposite. 

• ^•BAE Therefore the angle BAE is equal to the angle EOF 
= ^£CP. (1.4). 

But the angle ECD is greater than the angle ECF 
(Ax. 9) ; 

Therefore the angle ACD is greater than the angle BAE. 
/. ^ACD In the same manner, if BC be bisected, and the side AC be 
>-zBAE. produced to G, it may be proved that the angle BCG (or ita 
equal ACD), is greater than the angle ABC. 
Therefore, if one side, <fec. Q. E, D, 

Proposition 17. — Theorem. 

Any two angles of a triangle are together less tJian two right 
angles. 

Let ABC be any triangle. 

Any two of its angles together shall be less than two rigLt 
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Construction. — Produce BC to D. 

Proof. — Because ACD is the ex- /\ j ^^^ 

terior angle of the triangle ABC, it is 
greater than the interior and opposite 
angle ABC (I. 16). 

To each of these add the angle Z \ ^ acb*^^ 

ACB. " - .. . . 

Therefore the angles ACD, ACB are greater than the z abc + 
angles ABC, ACB (Ax. 4). 2^4u ^ 

But the angles ACD, ACB are together equal to two angles. 
right angles (I. 13); 

Therefore the angles ABC, ACB are together less than 
two right angles. 

In like manner, it may be proved that the angles BAC, 
ACB, as also the angles CAB, ABC are together less thaix 
two right angles. 

Therefore, any two angles, &c. Q. K D, 



Proposition 18. — Theorem. 

The greater side of every triangle is opposite tJie greater angle. 

Let ABC be a triangle, of which the side AC is greater ^q > ^g^ 
"than the side AB. 

The angle ABC shall be greater than 



A 




the angle BCA. 

Construction. — Because AC is / ^^-.--^n. ad'Iab 

greater than AB, make AD equal to 

AB (I. 3), and join BD. B O 

Proof. — Because ADB is the exterior angle of the triangle ^ adb>- 
BDC, it is greater than the interior and opposite angle BCD ^ bcd, 
(I. 16). • .»- 

But the angle ADB is equal to the angle ABD ; the j ^g^ "" 
triangle BAD being isosceles (I. 5), and 

Therefore the angle ABD is greater than the angle BCD ^i/bcd 
{(yr ACB). 

Much more then is the angle ABC greater than the angle 
ACB. 

Therefore, the greater side, <fec. Q, K D. 
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Given 
z ABC- 
^ BCA. 



AC not 
AD. 



AC not 
AC 



Ma1<e 
AD = AC. 



l BCD> 
^ LDC. 




Proposition 19. — Theorem. 

The greater angle of every triangle is svhtended hy the 
greater side, or lias the greater side opposite to it. 

Ijet ABC be a triangle, of which the angle ABC is greater 
than the angle BCA; 

The side AC shall be greater Hian the side AB. 

Proof. — If AC be not greater tlian 
AB, it must either be equal to or less 
than AB. 

It is not equal, for then the angle 

ABC would be equal to the angle BCA 

(I. 5) ; but it is not (Hyp.) ; 

Therefore AC is not equal to AB. 

Neither is AC less than AB, for then the angle ABC 

would be less than the angle BCA (I. 18); but it is not 

(Hyp) 5 

Therefore AC is not less than AB. 

And it has been proved that AC is not equal to AB ; 

Therefore AC is greater than AB. 

Therefore, the greater angle, «kc. Q. E, 2>. 

Proposition 20. — Theorem. 

Any two sides of a triangU are together greater tJutn tJi^ 
third side. 

Let ABC be a triangle ; 

Any two sides of it are together greater than the third side. 
Construction. — Produce BA to the point D, making AD 
equal to AC (I. 3), and join DC. 

Proof. — Because DA is equal to AC, the angle ADC is 
equal to the angle ACD (I. 5). 

But the angle BCD is greater than the angle ACD (Ax. 9); 
Therefore the angle BCD* is greater than the angle ADC 

(or BDC). 

And because the angle BCD of the 
triangle DCB is greater than its angle 
BDC, and that the greater angle is 
subtended by the greater side ; 



.•.DB>BC. 




than the side BC (I. 19). 



Therefore the side DB is greater 
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But BD IS equal to BA and AC ; 

Therefore BA, AC are greater than BC. Aor^Ba 

In the same manner it may be proved that AB, BC are 
greater than AC ; and BC, CA greater than AB. 
Therefore any two sides, &c. Q, E, D, 

Proposition 21. — Theorem. 

If from tits ends of tJie aide of a triangh tliere he drawn 
two straight lines to a point vnthin tJie triangle, tJiese shaU he 
less tJian the otJier two sides of the triangle, lyut shall contain 
a greater angle. 

Let ABC be a triangle, and from the points B, C, the ends 
of the side BC, let the two straight lines BD, CD be drawn 
to the point D within the triangle; 

BD, DC shall be less than the sides BA, AC ; 

But BD, DC shall contain an angle BDC greater than 
the angle BAC. 

Construction. — ^Produce BD to E. 

Proof. — 1. Because two sides of a 
triangle are greater than the third side 
(I. 20), the two sides BA, AE, of the 
triangle BAE are greater than BE. 

To each of these add EC. 

Therefore the sides BA, AC, are B O 

greater than BE, EC (Ax. 4). 

Again, because the two sides CE, ED, of the triangle eg. 
CED are greater than CD (I. 20), 

To each of these add DB. 

Therefore CE, EB are greater than CD, DB (Ax. 4). 

But it has been shown that BA, AC are gi-eater than ^Scd 
BE, EC ; + DB. 

Much more then are BA, AC greater than BD, DC. 

Proof. — 2. Again, because the exterior angle of a 
ti-iangle is greater than the interior and opposite angle 
(T. 16), therefore BDC, the exterior angle of the triangle ^^^ 
CDE, is greater than CED or CEB. ^^^ ceb, 

For the same reason, CEB, the exterior angle of the tri- *" ceb > 
angle ABE, is greater than the angle BAE or BAC. ^ b^e- 




BA + AC 
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And it has been shown that the angle BDC is ffreatpr 
than CEB ; ^ 

/. BDC Much more then is the angle BDC greater than the ano-lf* 

zBAC. B^^Q ° ^ *^^o'« 

Therefore, if from the ends, &c. Q. E, D, 



DF, FG, 
GH respec- 
tively = A, 
B,C. 



FDas 

radius. 

andGH 
as radius. 



FK = A. 



GK=iC. 



Proposition 22.— Problem. 

To make a triangle oj which the sides shall he equal to tJiree 
given straight lines, hut any two wluitever of tliese lines tnvst 
be greater than tlie third (I. 20). 

Let A, B, C be the three given straight lines, of which 
any two whatever are gi*eater than the thii^d — ^namely, A 
and B greater than C, A and C gi^eater than B, and B and 
C greater than A ; 

Jt is required to make a triangle of which the sides shall 
be equal to A, B, and C, each to each. 

CoNSTRUCTiON.—Take a straight line DE terminated at 

the point D, but unlimited to- 
wards E. 

Make DF equal to A, FG 
equal to B, and GH equal to 
C (I. 3). 

From the centre F, at the 
distance FD, describe the cii-cle 
DKL (Post. 3). 
From the centre G, at the distance GH, describe the 
circle HLK (Post 3). 
Join KF, KG. 

Then the triangle KFG sJiall Ivave its sides equal to the three 
straight lines A, B, C. 

Proof.— Because the point F is the centre of the circle 
DKL, FD is equal to FK (Def. 15). 

But FD is equal to A (Const.) ; 

Therefore FK is equal to A (Ax. 1). 

Again, because the point G is the centre of the circle 
HLK, GH is equal to GK (Def. 15). 

But GH is equal to G (Const.) ; 

Therefore GK is equal to C (Ax. 1), 
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And FG is equal to B (Const.) ; fg 

Therefore the three straight lines KF, FG, GK are equal 

to the three A, B, C, each to each. 

Therefore the triangle KFG has its three sides KF, FG, 

GK equal to the three given straight lines A, B, C. 

Q. E. F. 

Proposition 23. — Problem. 

At a given point in a given straight line, to make a rectir 
lineal angle equal to a given rectilineal angle. 

Let AB be the given straight lino, and A the given point 
in it, and DCE the given rectilineal angle. 

It is required to take an angle at the point A, in the 
straight line AB, equal to the rectilineal angle DCE. 

Construction. — In CD, CE, 
take any points D, E, and join 
DE. 

On AB construct a triangle 
AFG, the sides of which shall be 
equal to the three sti'aight lines 
CD, DE, EC — namely, AF equal r> 
to CD, FG to DE, and AG to EC 
(I. 22) ; *- . 

TJien the angle FAG shall he equal to the angle DCE. 

Proof. — Because DC, CE are equal to FA, AG, each to 
each, and the baso DE equal to the base FG (Const.), 

Tlie angle DCE is equal to the angle FAG (I. 8). 

Therefore, at the given point A, in the given straight line 
AB, the angle FAG has been made equal to the given recti- 
lineal angle DCE. Q. E, F. 



= B 




Make 




1 A AFG so 


a that 




AF = 


CD 


FG = 


DE 


AG = 


CE. 



Then 

z DCE: 

z FAQ 



Proposition 24. — Theorem. 

Jf two t/riangles have two sides of the wie equal to two sides 
of the other y each to each, hut tJie angle contained hy the two 
sides of one of them greater titan the angle contained hy tJie two 
sides equ^l to them of the other, the hose of tluxt which has tfie 
greater angle shall he greater tlian the base of the other. 
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Let ABC, DEF, be two triangles which have 
The two sides AB, AC equal to the two DE, DF, each to 
each — namely, AB to DE,and AC to DF, 

But the angle BAC greater than ibe angle EDF ; 
The base BC shall he greater than the base EF. 
bi^^DE. CoNSTRUCTiox.— Let the side DF of the triangle DEF be 

greater than its side DE. 
Then at the point D, in 
Make z \\ l''^. the Straight line ED, make 

^^AC. \ \ 1 N \ the angle EDG equal to the 





angle BAC (I. 23). 



.*,HC^=EG. 



= AC, and 1 \ 1 \ X Make DG equal to AC 

= ^*' ^ ^ ^ \ ^ orDF(L 3). 

Join EG, GF. 
Proof. — Because AB is 
equal to DE (Hyp.), and AC to DG (Const.), the two sides 
BA, AC are equal to the two ED, DG, each to each ; 
' And the angle BAC is equal to the angle EDG (Const.) ; 
Therefore the base BC is equal to the base EG (I. 4). 
And because DG is equal to DF (Const.), the angle DFG 
is equal to the angle DGF (I. 6). 

But the angle DGF is greater than the angle EGF (Ax. 9); 
and Therefore the angle DFG is greater than the angle EGF ; 

^- EGF ^ Much more then is the angle EFG greater than the angle 
LGTF. 

And because the angle EFG of the triangle EFG is greater 
than its angle EGF, and that the greater angle is subtended 
by the greater side, 

Therefore the side EG is greater than the side EF (L 19). 
But EG was proved equal to BC ; 
Therefore BC is greater than EF. 
Therefore, if two tiiangles, ttc. Q. E. D, 



/.EG>EF. 



Proposition 25.—Theorem. 

If two triangles have two sides of tJie one equal to two sides 
of the otJier^ each to each, hut the base of the one greater than 
the base of tJve oilier, ike angle contained by t/ie sides of that 
which Juts the greater base sJudl be greater tJian tJie angle 
contained by the sides equal to theni of the other. 
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Let ABC, DEF, be two triangles, which have 

The two sides AB, AC equal to the two sides DE, DF, 
each to each — namely, AB to DE, and AC to DF, 

But the base BC greater than the base EF ; 

The angle BAC shall be greater than the angle EDF. 

Proof. — For if the angle 
BAC be not greater than the ^ 1> 

angle EDF, it must either be 
equal to it or less. 

But the angle BAC is not 
equal to the angle EDF, for 
then the base BC would be 
equal to the base EF (I. 4), but 
it is not (Hyp.); 

Therefore the angle BAC is not equal to the angle EDF ; ^ ^^edk 

Neither is the angle BAC less than the angle EDF, for 
then the base BC would be less than the base EF (I. 24), but 
it is not (Hyp.), 

Therefore the angle BAC is not less than the angle EDF. 4.^^^ei!)?! 

And it has been proved that the angle BAC is not equtil 
to the angle EDF ; 

Therefore the angle BAC is great^er than the angle EDF. 

Therefore, if two triangles, tkc. Q. E, D, 

Proposition 26.— Theorem. 

If two triangles Jiave two angles oj t/ie one equal to two 
angles of Hie otlier, ea^ch to eachy and one side equal to one 
side — namdi/f either the side adjacent to the equ^ angles in 
each^ or tlie side opposite to theni ; then shaU tJie other sides be 
eqtuil, each to each , and also the third angle of tJie one equal 
to the third angle oftJie otlier. Or, 

If two angles and a side in one triangle he respectively equal 
to two angles and a corresponding side in anot/ier triangle, tlie 
triangles s/hall be equal in every respect. 

Let ABC, DEF be two triangles, which have 

The angles ABC, BCA equal to the angles DEF, EFD, 
each to each— namely, ABC to DEF, and BCA to EFD; 

Also one side equal to one side. 
■ Case 1.— First, let the sides adjacent to the equal angles gJT^Ep.. 
in each be equal— namely, BC to EF; 
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Suppose 
AB > DE. 



Make 
BG ^ DE. 



.'. z GCB 
= z DFE. 



ABnot 

unequal 

toDE. 



Buppose 
BU>EP 



> Make 
BU = £F. 





Then shall the side AB be equal to DE, the side AC to 
DF, and the angle BAG to the angle EDF- 

For if AB be not equal to DE, one of them must be 

greater than the other. Let AB 
be the greater of the two. 

Construction. — Make BG 
equal to DE (I. 3), and join GO. 
Proof. — Because BG is 
equal to DE (Const), and BO 
F is equal to EF (Hyp.), the two 
sides GB, BC aie equal to the two sides DE, EF, each to 
each. 

And the angle GBC is equal to tlie angle DEF (Hyp.); 
Therefore the base GC is equal to the base DF (I. 4), 
And the triangle GBC to the triangle DEF (I. 4), 
And the other angles to the other angles, each to each, to 
which the equal sides are opposite; 

Therefore the angle GCB is equal to the angle DFE (I. 4). 
But the angle DFE is equal to the angle BCA (Hyp.) ; 
Therefore the angle GCB is equal to the angle BCA (Ax. 
1), the less to the greater, which is impossible; 

Therefore AB is not unequal to DE, that is, it is equal to 
it; and BC is equal to EF (Hyp.) ; 

Therefore the two sides AB, BG are equal to the two sides 
DE, EF, each to each, 

And the angle ABC is equal to the angle DEF (Hyp.) ; 
Therefore the base AC is equal to the base DF (I. 4), 
And the third angle BAG to the third angle EDF (I. 4). 

Case 2. — Next, let the sides which are o^^posite to the 
equal angles in each triangle be equal to one another — ^namely, 
AB equal to DE. 

Likewise in this case the other sides shall be equal, AC to 
L fy DF,and BC to EF; and also the 

angle BAG to the angle EDF. 

For if BC be not equal to 

EF, one of them must be gi*eater 

thim the other. Let BC be the 

greater of the two. 

B c B i Construction. — Make BH 

equal to EF (I. 3), and join AH. 
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Proof. — Because BH is equal to EF (Const.), and AB is bii = ef, 

equal to DE (Hyp.), the two sides AB, BH are equal to the ^^ ~ ^^ 

two sides DE, EF, each to each, 

And the angle ABH is equal to the angle DEF (Hyp.); j ^ef * 

Therefore the base AH is equal to the base DF (I. 4), 

And the triangle ABH to the triangle DEF (I. 4), 

And the other angles to the other angles, each to each, to 

which the sides are opposite ; 

Therefore the angle BHA is equal to the angle EFD (I. 4). . ^ ^^^^ 
But the angle EFD is equal to the angle BCA (Hjrp.) ; = l efi> 
Therefore lie angle BHA is also equal to the angle BCA ^ ^ ^^^ 

(Ax.1); 

That is, the exterior angle BHA of the triangle AHC, is 

equal to its interior and opposite angle BCA, which is 

impossible (I. 16) ; 

Therefore BC is not unequal to EF — that is, it is equal to it \ Bc not 

and AB is equal to DE (Hyp.) ; uTkf. 

Therefore the two sides AB, BC are equal to the two sides 

DE, EF, each to each, 

And the angle ABC is equal to the angle DEF (Hyp.) ; 
Therefore the base AC is equal to the base DF (I. 4), 
And the third angle BAC is equal to the third angle 

£DF (I. 4). 

Therefore, if two triangles, <kc. Q, E, D. 

Proposition 27. — Theorem. 

If a straigJu line Jailing upon ttvo other straight lines make 
the alternate angles equaJ, to one a/notlierj these two straight 
lines shall be parallel 

Let the straight line EF, which / 

falls upon the two straight lines / 

AB, CD, make the alternate angles . Ai . ^/ R^ Given 

AEF, EFD, equal to one another. / ^\r' i evd 

AB shall be parallel to CD. 

For if AB and CD be not parallel, 
they will meet if produced, either 
towards B, D, or towards A, C. 

Let them be produced, and meet, towards. B, D, in the 
})oiat G. 
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A AEFs*- Proof. — Then GEF is a triangle, and its exterloi* angle 
^ EPG, ^£F is greater than the interior and opposite angle EFG- 

anUalso (J. 16). 

= t EFO. But the angle AEF is also equal to EFG (Hyp.), which is 
impossible ; 

Therefore AB and CD, being pixxluced, do not meet 
towards B, D. 

In like manner it may be shown that they do not meet 
towards A, C. 

But those straight lines in the same plane which being 
]>roduced ever so far both ways do not meet are ]>arallel 
(Def. 34) ; 

Therefore AB is parallel to CB. 

Therefore, if a straight line, &c. Q. E. JX 

Proposition 28. — Theorem. 

If a straight line falling upon two other straight lines niake 
ilte exterior angle equal to the interior and opposite upon the 
same side of the line^ or make tJie interior a^igles upon the sa/me 
side togetlier equal to two right angles^ t/ie two straigJU lines 
shall be jxiTaUel to one anotJier, 

Let the straight line EF, which falls upon the two straight 
lines AB, CD, make — 

The exterior angle EGB equal to the interior and opposite 
15\ angle GHD, upon the same side; 

\ - Or make the interior angles on the 

^ ^r B same side, the angles BGH, GHD, 

\ together equal to two right angles ; 

C ^ D -^B shall be parallel to CD. 

\ Proof 1.— Because the angle EGB 

^P is equal to the angle GHD (Hyp.), 

And the angle EGB is equal to the angle AGH (I. 15) ; 
/aghs Therefore the angle AGH. is equal to the angle GHD 
(Ax. 1), and these angles are alternate; 
Thei-efore AB is parallel toCD (I. 27). 
Proof 2. — Agair, because the angles BGH, GHD are 
equal to two right angles (Hyp.), 

And the angles BGH, AGHi are also equal to two right 
angles (I. 13), 



4. GHD. 



J 
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Tlierefore the angles BGH, AGH are equal to the angles .*. ^ bgh 
BGH, GHD (Ax. 1). ±i ^{J 

Take away the common angle BGH. + ^ <***^- 

Therefore the remaining angle AGH is equal to the remain- .*. ^ aoh 
ing angle GHD (Ax. 3), and they are alternate angles. = ^ ^**^- 

Therefore AB is parallel to CD (I. 27). 

Therefore, if a straight line, <kc. Q, E, D, 



Proposition 29.— Theorem. 

If a straight line fall upon two parallel atraightlinea, it makes 
the alternate angles eqtud to one another, a/nd the exterior angle 
equal to the interior amd opposite upon the same side ; and 
also the two interior angles upon t/ie same side together equal to 
two right angles. 

Let the straight line EF fall upon the ]>arallel straight 
lines AB, CD; 

The alternate angles AGH, GHD shall be equal to one 
another.* 

The exterior angle EGB shall be 
equal to GHD, the interior and op- 
jxwite angle upon the same side ; A ^^ -B 

And the two interior angles on the 
Kame side BGH, GHD shall be to- c- 
gether equal to two right angles. 

For if AGH be not equal to \p ^ ^^^ ^ 

GHD, one of them must be greater ohd. 

than the other. Let AGH be the greater. (suppose.) 

Proof. — Then the angle AGH is greater than the angle 
GHD; to each of them add the angle BGH. 

Therefore the angles BGH, AGH are greater than the 
angles BGH, GHD (Ax. 4). 

But the angles BGH, AGH are together equal to two right 
angles (1. 3). . ^ ^^ 

Therefore the angles BGH, GHD are less than two right + z oiid 

But if a straight line meet two straight lines, so as to 
make tlie two interior angles on the same side of it taken 
together less than two right angles, these straight lines being 
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continually produced, shall at length meet on that side on 
which are the angles which ai*e less than two right angles 
(Ax. 12); 
Hence Therdfore the straight lines AB, CD will meet if produced 

ABand f ar cnouffh. 

CD meet, t» i i i tt i • i 

and are But they cannot meet, because they are parallel straight 

»»^^ lines (Hyp.); 

not une- Therefore the angle AGH is not unequal to the angle 

^"oM ^H^ — *'^* i^» i* ^^ equal to it. 

But the angle AGH is equal to the angle EGB (I. 15) ; 
and Therefore the angle EGB is equal to the angle GHD 

-iOHD,"" (-^x. 1). 

Add to each of these the angle BGH. 
Therefore the angles EGB, BGH, are equal to the angles 
BGH, GHD (Ax. 2). 

But the angles EGB, BGH, are equal to two right angles 
(I. 13). 
* BGH + Therefore also BGH, GHD, are equal to two light angles 
zGHD=: (Ax. 1). 
angiesf Therefore, if a straight line, (fee. Q. E, D. 



Proposition 30. — Theorem. 

Straight lines which are parallel to Hie same straight lines 
are parallel to one another. 

Let AB, CD be each of them parallel to EF ; 
AB shall be parallel to CD. 

Construction. — Let the straight line GHK cut AB, 

/ EF, CD. 
^ ^oK - / Proof. — Because GHK cuts thepar- 

^ GHF," A y^ B allel sti-aight lines AB, EF, the angle 

/ AGH isequal to the angle GHF (L 29). 

Tghf =3 ^ / ' Again, because GK cuts the parallel 

1 GKD."^ K/ ^ straight lines EF, CD, the angle GHF 

^' / is equal to the angle GKD (I. 29). 

/ Ajid it was shown that the angle 

AGK is equal to the angle GHF; 
L ^ uKD Therefore the angle AGK is equal to the angle GKD 
^^ ' (Ax. 1), and they are alternate angles ; 
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Therefore AB is parallel to CD (I. 27). 
Therefore, straight lines, ike. Q, E. A 

Proposition 81. — Problem. 

To draw a straight line thfxmgh a given point, 2^0'rallel to a 
given straight line. 

Let A be the given point, and BC the given straight line. 

It is required to draw a straight line through the point A, 
parallel to BC. 

Construction. — ^Tn BC take any B -^ 

point D, and join AD. / 

At the point A, in the straight line / 

AD, make the angle DAE equal to the B i> S Make 

angle ADC (I. 23). i a^* 

Produce the straight line EA to F. 

UTien EF shall be parallel to BC. 

Proof. — Because the straight line AD, which meets the Tiieyare 
two straight lines BC, EF, makes the alternate angles EAD, ani^ies. 
ADC equal to one another ; 

Therefore EF is parallel to BC (T. 27). 

Therefore, the sti'aight line EAF is drawn through the 
given point A, parallel to the given straight line BC. Q, E, F. 

Proposition 82. — Theorem. 

If a side of any triangle he produced, tlie exterior angle is 
equal to the two interior and opposite angles ; a/nd the three 
interior angles of every triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be pro* 
duced to D; 

. The exterior angle A CD shall be equal to the two interior 
and opposite angles CAB, ABC ; 

And the three interior angles /"y ,? 

of the triangle — ^namely, ABC, ^ ^ ^ 

BCA, CAB, shall be equal to 
two right angles. 

Construction. — ^Through the ^ " Make 

point C, draw CE paraUel to AB (I. 31), . SfiT""* 
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Tiien Proof. — Because AB is parallel to CE, and AC meets 

z ACE ~ them, the alternate angles BAG, ACE are equal (I. 29). 
jjj^ * Again, because AB is parallel to CE, and BD falls upon 

z ECD = them, the exterior angle ECD is equal to the interior aiid 
^ ABC. opposite angle ABC (I. 29). 

But the angle ACE was shown to be equal to the angle 
BAC ; 
/. i ACD Therefore the whole exterior angle A CD is equal to the 
+ z ABC. two inteiior and opposite angles BAC, ABC (Ax. 2)* 
Add To each of these equals add the angle ACB. 

Therefore the angles ACD, ACB are equal to the three 
angles CBA, BAC, ACB (Ax. 2). 

But the angles ACD, ACB are equal to two right angles 
(T. 13) ; 

Therefore also the angles CBA, BAC, ACB are equal to 
two right angles (Ax» 1). 

Therefore, if a side of any triangle, (kc» Q. E. 1), 

Corollary 1. — All the interior angles of any rectilineal 
figure^ togetJier vnth four right angles, are equal to ttmce as 
Qoany right angles as the figure has sides. 

For any rectilineal figure ABCDE can, by drawing 
straight lines from a point F within the figiu-e to each angle, 
J) be divided into as many triangles as the 

^^:^;;^''^\\^ figure has sides. 

And, by the preceding proposition, the 
angles of each triangle are equal to two 
right angles. 

Therefore all the angles of the triangles 
S are equal to twice as many right angles 
8 there are triangles; that is, as there are sides of the 
figure. 

But the same angles are equal to the angles of the figure, 
together with the angles at the point F ; 

And the angles at the point F, which is the common 
vertex of all the triangles, are equal to four right angles (I. 
15, Cor. 2) ; 

Therefore all the angles of the figure, together with four 
right angles, are equal to twice as many right angles as the 
figure has sides. 
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OoROLLART 2. — All tlie exterior angles of any rectili7ieal 
figure are together eqtial to/our right angles. 

The interior angle ABC, with its adjacent exterior angle 
ABD, is equal to two right angles (I. 1 3) ; 

Therefore all the interior, together with all the exterior 
angles of the figure, are equal to twice as many right angles 
as the figure has sides. 

But all the interior angles, together 
with four right angles, are equal to 
twice as many right angles as the 
figure has sides (I. 32, Cor. 1) ; 

Therefore all the interior angles, 
together with all the exterior angles, 
are equal to all the interior angles 
and four right angles (Ax. 1). 

Take away the interior angles which are common ; 

Therefore all the exterior angles ai*e equal to four right 
angles (Ax. 3). 

• 

Proposition 33. — Theorem. 

The straigJU lines which join the extremities of two equal 
and parallel straight lines towards the same parts are also 
themselves equal amd parallel. 

Let AB and CD be equal and parallel straight lines joined 
towards the same parts by the straight lines AC and BD ; 

AC and BD shsdl be equal and paralleL 

Construction. — Join BC 

Proof. — Because AB is parallel to CD, and BC meets ^ ^^^ " 
them, the alternate angles ABC« BCD are equal (I. 29). 

Because AB is equal to CD, and BC common to the two 

triangles ABC, DCB, the two sides A B 

AB, BC are equal to the two sides V ~^ \ 

DC, CB, each to each ; 

And the angle ABC was pix)ved 
to be equal to the angle BCD ; 

Therefore the base AC is equal to the base BD (I. 4), ^- ^^ 

And tiie triangle ABC is equal to the triangle BCD (I. 4), ' 

And the other angles are equal to the other angles, each to 
each, to which the equal sides are opposite ; 
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*" ACB = Therefore the angle ACB is equal to the angle CBD. 
^ CBD.^ And because the straight line BC me^ts the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD 
equal to one another ; 

Therefore AC is parallel to BD (I, 27) ; and it was showu 
to be equal to it. 

Therefore, the straight lines, kc. Q, E, D, 

Propositioa 84. — ^Theorem. 

The opposite sides and angles of a paraJMogrum are equal 
to one another y and the diagonal Insects t/ie parallelograan — t/uU 
is, divides it into two eqt*al parts. 

Let ACDB be a parallelogram, of which BC is a diagonal ; 
The opposite sides and angles of the figure shall be equal 
to one another, 

And the diagonal BC shall bisect it. 
Proof. — Because AB is parallel to CD, and BC meet<i 
^ ABC = them, the alternate angles ABC, BCD 

* -^ B are equal to one another (I. 29) ; 

\ ^^^^^\ Because AC is parallel to BD, and 

^„j \ ^y^ \ BO meets them, the alternate angles 

^ ACB = w^l ^ ACB, CBD are equal to one another 

L CBD. er o ^ 29) ; 

Therefore the two triangles ABC, BCD have two angles, 
ABC, BCA in the one, equal to two angles, BCD, CBD in 
the other, each to each ; and the side BC, adjacent to the 
equal angles in each, is common to both triangles. 

Therefore the other sides are equal, each to each, and the 

third angle of the one to the third angle of the other — 

.'. AB rs namely, AB equal to CD, AC to BD, and the angle BAC to 

bd; ^bao the angle CDB (I. 26). 

— ^ ^^^* And because the angle ABC is equal to the angle BCD, 

and the angle CBD to the angle ACB, 
and Th^^fore the whole angle ABD is equal to the whole 

isil™. angle ACD (Ax. 2). 

And the angle BAC has been shown to be equal to the 
angle BDC; therefore the opposite sides and angles of a 
parallelogram are equal to one another. 
Also the diagonal bisects it. 
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Por AB being equal to CD, and BG common. 

The two sides AB, BC are equal to the two sides CD and 
CB, each to each. 

And the angle ABC has been shown to be equal to tlie 
angle BCD ; 

Therefore the triangle ABC is equal to the triangle BCD ^^bc - 

(I. 4), A BCD." 

And the diagonal BC divides the parallelogi'am ABCD 
into two equal parts. 

Therefore, the opposite sides, &c. Q, E, D, 

Proposition 85. — Theorem. 

ParaUelogramg upon tJie same hose, and between tJie same 
parcUlels, a/re equal to one another. 

Let the parallelograms ABCD, EBCF be on the same base 
BC, and between the same parallels AF, BC ; 

The parallelogram ABCD shall be equal to the parallelo- 
gram EBCF. 

Case 1.— If the sides AD, DP of the ^ 
parallelograms ABCD, DBCF, opposite 
to the base BC, be terminated in the 
same point D, it is plain that each of the 
parallelograms is double of the triangle ^ 
DBC (I. 34), and that they are therefore equal to one 
another (Ax. 6). 

Case 2. — But if the sides AD, EF, opposite to the base 
BC, of the parallelograms ABCD, EBCF, be not terminated 
in the same point, then — A J> ic F a K D p 

Proof. — Because 
ABCD is a parallelo- 
gram, AD is equal to 
BC (I. 34). B 

For the same reason EF is equal to BC; EF = bc. 

Therefore AD is equal to EF (Ax. 1 ), and DE is common; 

Therefore the whole, or the remainder, AE, is equal to the 
whole, or the remainder, DF (Ax. 2, or 3), 

And AB is equal to DC (I. 34). 

Therefore the two EA, AB are equal to the two FD, DC, 
each to each; 





AD = Ba 



.•.AE=rDF. 



Hence 
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And the exteHor angle FDC is equal to the interior EA3 
(I. 29); 

Therefore the base EB is equal to the base FC (I. 4), 
A^EAB =3 And the triangle EAB equal to the triangle FDC (I. 4). 
^ ^^'- Take the triangle FDC from the trapezium ABCF, and 

from the same trapezium ABCF, take the triangle EAB, and 
the remainder are equal (Ax, 3) 

That is, the parallelogram ABCD is equal to the parallelo- 
gram EBCF: 

Therefore, parallelograms, &c. Q, E, i>. 

Proposition 86. — Theorem. 

Parallelograms upon equal bases, and between the sanie 
parallels, are equal to one anotfier* 

Let ABCD, EFGH be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG; 

The parallelogram ABCD shall be equal to the parallelo- 
gram EFGH. 

Construction. — Join BE, CH*. 
Proof. — Because BC is equal 
to FG (Hyp.), and FG to EH 
(I. 34), 

Therefore BC is equal to EH 
c ¥ O ^A.x. 1 ) ; and they are i>arallels, 

II nd joined towards the same paints by the straight lines 
BE, CH. 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts, are themselves 
equal and parallel (I. 33) ; 
FErrCH Therefore BE, CH are both equal and parallel; 
EBCH a Therefore EBCH is a parallelogram (Def. 35), 

paraiieio- And it is equal to the parallelogram ABCD, because they 
equai'each ^^^ ^^ ^^ Same base BC, and between the same parallels BC, 

ifiv n on 8. ^^^ ^^^ j^j^^ i»eason, the parallelogram EFGH is equal to 
the same parallelogram EBCH ; 

Therefore the parallelogram ABCD is equal to the parallelo- 
gram EFGH (Ax. 1). 

Therefore, parallelograms, (kc. Q. E, D, 
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Proposition 37. — Theorem. 

Triangles up09i tJie same base, and between the same jmraHels, 
are equal to one another. 

Let the triangles ABC, DBC be on tlie same base BC, an<l 
between the same parallels AD, BC ; 

The triangle ABC shall be equal to the triangle DBC. 

Construction. — Produce AD both ways, to the ix)int8 E, V. 

Through B draw BE parallel to CA, and tlu-ough C dniw 
CF parallel to BD (I. 31). 

Proof. — Then each of the E a t) t Figures 

figures EBCA, DBCF, is a paral- V /\7\ 7 gS^Fa^ 

lelogram (Def. 35)> and they are \ / y\ \ / equal; 
equal to one another, because the} 
are on the same base BC, and 
between the same parallels BC, EF 

(I. 35.); 

And the triangle ABC is half of the parallelogram EBCA, anJ the 
because the diagonal AB bisects it (I. 34) ; are*r^p^o. 

And the triangle DBC is half of the pai-allelogram DBCF, ^^^^^^f 
because the diagonal DC bisects it (I. 34). 

But the halves t)f equal things are equal (Ax. 7) ; 

Therefore the triangle ABC is equal to the triangle DBC'. 

Therefore, triangles, &c. Q. K I), 

Proposition 38. — Theorem. 

Tria^igles vpon eqtial bases, and between the same 2>araUe!», 
€tre equal to one anot/ier. 

Let the triangles ABC, DEF, be on equal bases BC, EF, 
and between the same parallels BF, AD, 

The triangle ABC shall be equal to the triangle DEF. 

Construction. — Produce AD both ways to the jioiuts 
G, H. 

Through B draw BG par- f A P n 

allel to CA, and thi"ough F 
di-aw FH parallel to ED 

Proof.— Tlien each of the \/ .\_ / V obca aiui 

figiiresi GBCA, DEFH, i:^ a «' « "J« >' i!,u»f! *'• 
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parallelogi'aw (Def. 35), nnd they are equal to one another, be- 
cause they are on equal bases BC, EF, and between the 
same parallels BF, GH (I. 36); 
and the And the triangle ABC id half of the parallelogram 

Ire hSfof GSCJA, because the diagonal AB bisects it (I. 34) ; 
these re- And the triangle D£F is half of the paiullelograni 
spectiveiy. DEpH, because the diagonal DF bisects it (I. 34). 
But the halves of equal things are equal (Ax. 7); 
Therefore the triangle ABC is equal to the triangle DEF. 
Therefore, triangles, &a (?. E, D. 

Proposition 39. — Theorem. 

Equal triangles upon tJie same hose, and on t/ie same side 
of it, are between the same parallels. 

Let the equal triangles ABC, DBC be upon tlie same base 
BC, and on the same side of it ; 

They shall be between the same pai-allels. 
Construction. — Join AD ; AD shall be pamllcl to BC. 

v.^'c?"^' A r> For if it is not, through A draw AE 

pose. r\ — "ktA parallel to BC (I. 31), and join EC. 

Proof. — The triangle ABC is equal to 
the triangle EBC, because they are upon 
the same base BC, and between the same 

B c parallels BC, AE (I. 37). 

But the triangle ABC is equal to the triangle DBC (Hyp.) ; 
aIdbc = Therefore the triangle DBC is equal to the triangle EBC 
absu^ty" (^^- ^)> *^® greater equal to the less, which is imix>ssible ; 
Therefore AE is not parallel to BC. 
In the same manner, it can be demonstrated that no line 
passing through A can bo parallel to BC, except AD ; 
Therefore AD is parallel to BC. 
Therefore, equal triangles, ckc. Q, E, D, 

Proposition 40. — Theorem. 

Equal triangles upon the same side of equal bases, tJuit 
are in iJie same straight line, are between tJie same paralleU. 

Let the equal tiiangles ABC, DEF, be uix)n the same side 
of equal bases BC; EF, in the same straight line BF. 




Then 
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The triangles ABC, DEF shall be between the same 
parallels. 

Construction.— Join AD ; AD shall be parallel to BF. 

For if it is not, tlirough A draw AG parallel to BF (I. 31), ,^? J*^ 
and join GF. suppose. 

Proof.— The triangle ABC is equal to the triangle GEF, 
because they are upon equal bases BC, EF, and are between 
the same parallels BF, AG 
(L 38). 

But the triangle ABC is 
equal to the triangle DEF ; 

Therefore the ti'iangle DEF 
is equal to the triangle GEF 
(Ax. 1), the greater equal to 
the less, which is impossible ; 

Therefore AG is not parallel to BF. 

In the same manner, it can be demonstrated that no line, 
passing through A, can be parallel to BF, except AD ; 

Therefore AD is parallel to BF. 

Therefore, equal triangles, <bc. 




A DEF = 
A G£F, an 
absurdity. 



Proposition 41.— Theorem. 

If a parallelogram and a triangle he upon the same base, 
and between t/ie same paraMels, t/ie parallelogram shall be 
double of the triangle. 

Let the parallelogram ABCD, and the triangle EBC be 
upon the same base BC, and between the same parallels 
BC, AE ; 

The parallelogram ABCD shall be double A i> B 

of the triangle EBC. 

Construction. — Join AC. 

Proof. — The triangle ABC is equal to 
the triangle EBC, because they are upon 
the same base BC, and between the same 
jmrallels BC, AE (I. 37). 

But the parallelogram ABCD is double of the triangle And par»i- 
ABC, because the di^nal AC bisects the parallelogram (I. Jl'^^fSSr 
34). 




A ABC 
A EBC. 
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Therefore the parallelogram A BCD is also double of the 
triangle EBC (Ax. 1). 

Therefoi-e, if a pai-allelogram, «tc. Q. E, D. 



Proposition 42.— Problem. 

To describe a pa/rcUlelogram that sJiaU he equal to a given 
triangle, and liave o^ie of its angles equal to a given rectilineal 
angle. 

Let ABC be the given triangle, and D the given recti- 
lineal angle ; 

It is required to describe a parallelogram that shall be 
equal to the given triangle ABC^ and have one of its angles 
equal to D. 
Make BE A F G CONSTRUCTION. BisCCt BC in E (T. 

= EC A ; 10), and join AK 

/ i. I I -^t *^^ point E, in the straight line 

TcEF^D / ,\ //j) CE, make the angle CEF equal to I) 

(I. 23). 

Thi'ough A draw AFG paiullel to 
EC (I. 31). 
Through C draw CG parallel to EF (I. 31). 
T/ien FECG is t/ie pa/raUelograni required. 
Proof. — Because BE is equal to EC (Const), the triangle 
ABE is equal to the triangle AEC, since they are upon equal 
bcuses and between the same parallels (I. 38) ; 
•tA^AEc Therefore the triangle ABC is double of the triangle 

and also AEC. 

FECO = ^^^^ tliG parallelogram FECG is also double of the triangle 
2 A AEC. AEC, because they are upon the same base, and between the 
same parallels (I. 41) ; 

Therefore the parallelogi-am FECG is equal to the triangle 
ABC (Ax. 6), 

And it has one of its angles CEF equal to tho given angle 
D (Const). 

Therefore a pai^allelogi^am FECG has been described equal 
to the given triangle ABC, and having one of its angles CEF 
equal to the given angle D. Q, E. i\ 
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Proposition 43. — Theorem. 

TJie complements of the parallelograms tchich are about the 
diagonal of any parallelogram are equal to one another. 

Let ABCD be a parallelogram, of which the diagonal is 
AC; and EH, GF parallelograms about AC, that is, through 
-which AC passes ; and BK, KD the ether parallelograms, 
-which make up the whole figure ABCD, and ►are therefore 
called the complements. 

The complement BK ehall be equal to the complement 
KD. 

Proof. — Because ABCD is a parallelogram, and AC its _ 

dia^fonal, the triangle ABC is equal to the iriangle ADC a adc~ 
(I. 34). 

Again, because AEKH is a paral- 
lelogram, and AK its diagonal, the 
ti-iangle AEK is equal to the triangle 
AHK (I. 34). 

For the like reason the triangle . , >,^ , ^^^^ 
KGC is equal to the triangle KFC. / / _>) a koo = 

Therefore, because the triangle " ^ ^ ^ ^*''^'' 

AEK is equal to the triangle AHK, and the triangle KGC 

to KFC; 

The triangles AEK, KGC arc equal to the triangles 
AHK, KFC (Ax. 2), 

But the whole triangle ABC was proved equal to the 
whole triangle ADC ; 

Therefore the remaining complement BK is eijual to the .'. bk = 
remaining complement KD (Ax. 3). 

Therefore, the complements, tkc. Q, E, D. 



Proposition 44. — Problem. 

To a given straight line to apply a parallelogram^ which 
sliall be equal to a given triangle, and have one of its angles 
tqual to a given rectilhual angle. 

Let AB be the given straight line, C the given triangle, 
and D the given angle. 




4S 

It is reqclred to 9p^j to the stimigiit line AB a paial]e2«>- 
gram equal to the taiazigle C, and hariiig an. ang^e equal 
toD. 

^^^^ Cossnccnox 1.— Hake tiie paiaDekgnm BEFQ equal 

KTua to the triangle C, and having the ang^ £BG eqnal to the 

l'^^ angle D(L 42); 

j ^' ^ And let the paraSelognm BEFGhe made ao that BE maj 

EBA » be in the same stmigLt line with ABL 

n^^ Produce PG to H. 



Through A draw AH parallel to BG «^ EF (L 31). 

JoinHR 

Pboof 1. — ^Because the straight line HF falls on the 
parallels AH, £F, the angles AHF, HFE are together equal 
to two right angles (L 29). 

Therefore the an^es BHF, HFE are together less than 
two ri^t angles (Ax. 9). But straight lines which with 
another strai^t line make the interior angles on the same 
side together less than two right angles, will meet on that 
side, if produced far enou^ (Ax. 12) ; 
ITB and FK Thei^efore HB and FE shall meet if produced. 

Construction 2. — ^Produce HB and FE towards BE, 
and let them meet in K. 




Through K draw KL parallel to EA or FH (L. SI). 
Produce HA, GB to the points L, M. 
Then LB shcUl be t/ie pardUdogram required. 
Proof 2. — Because HLKF is a parallelogram, of which 
the diagonal is HK ; and AG, ME are the parallelograms 
about HK y and LB, BF are the complements ; 
Pipiiret Therefore the complement LB is equal to the complement 

LB = BF. BF (L 43). 



pBOPOsinovs. 
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But BF is equal to the triangle C (Const) ; But_ 

Therefore LB is equal to the triangle C (Ax. 1). .•5lb= ' 

And because the angle GB£ is equal to the angle ABM ^ ^* 

(L 15), and likewise to the angle D (Const.) ; 

Therefore the angle ABM is equal to the angle D (Ax. 1). ^^'^sm = 
Therefore, the parallelogram LB is applied to the straight z gbe =s 

line AB, and is equal to the triangle C^ and has the angle ^ ^' 

ABM equal to the angle D. Q. E. F, 



Proposition 45. — ^Problem. 

To describe a paraUdogram tqual to a given rectUineal 
figure, and having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the 
given rectilineal angle. 

It is required to describe a paraUelogram equal to ABCD, 
and having an angle equal to E. 

Construction. — Join 
DB. A D 

Describe the paraJlelo- 
gram FH equal to the 
triangle ADB, and 
having the angle FKH 
equal to the angle E 
(L 42). 

To the straight line 
GH apply the parallelogram GM equal to the triangle DBC, 
and having the angle GHM equal to the angle E (I. 44). 

Then the figure FKML s/iall be the ^parallelogram required^ 

Pboof. — Because the angle £ is equal to each of the angles 
FKH, GHM (Const), 

Therefore the angle FKH is equal to the angle GHM 
(Ax. 1). 

Add to each of these equals the angle KHG; 

Therefore the angles FKH, KHG are equal to the angles 
KHG, GHM (Ax. 2). 

But FKH, KHG are equal to two right angles (L 29); 

Therefore also KHG, GHM are equal to two right angles 
(Ax. 1). 




Halce FH 
= AADa 
Apply to 
GH, GMs 
A DBC, 
with 

z GHMb 
z E. 



Then 



Ktniight 
line. 
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And because at the point H, in the straight line GH, tlie 
two straight lines KH, HM, on the opposite sides of it^ make 
the adjacent angles together equal to two right angles, 
KHM is a Therefore KH is in the same straight line with HM (1. 14). 
straight ^jj^j because the straight line HG meets the parallels 

KM, FG, the alternate angles MHG, HGF are equal (I. 29). 
Add to each of these equals the angle HGL; 
Therefore the angles MHG, HGL are equal to the angles 
HGF, HGL (Ax. 2). 

But the angles MHG^ HGL are equal to two right angles 
(I. 29); 

Therefore also the angles HGF, HGL are equal to two 
^^^ right angles, 

FGL \h a And therefore FG is in the same straight line with GL 
(I. 14). 

And because KF is parallel to HG, and HG parallel to 
ML (Const.); 

Therefore KF is parallel to ML (I. 30). 
And KM, FL are parallels (Const) ; 
/. KFLMa Therefore KFLM is a parallelogram (Def 35). 
Sanll*'^ And because the triangle ABD is equal to ^e parallelo- 
gram HF, and the triangle DBC equal to the parallelogram 
GM (Const), 
And the Therefore the whole rectilineal figure ABCD is equal to 
aS?d is *^® ^^^^® parallelogram KFLM (Ax. 2). 
equal to it. Therefore, the parallelogram KFLM has been described 
equal to the given rectilineal figure ABCD, and having the 
angle FKM equal to the given angle K Q, E. F, 

Corollary. — From this it is manifest how to apply to a 
given straight line a parallelogram, which shall have an angle 
equal to a given rectilineal angle, and shall be equal to a given 
rectilineal figure — namely, by applying to the given straight 
line a parallelogram equal to the first triangle ABD, and 
having an angle equal to the given angle ; and so on (I. 44). 

Proposition 46.— Problem. 

To describe a square upon a given straight line. 

Let AB be the given straight line; 

It is required to describe a square upon AB. 
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ADEBft 
paralleW- 



Construction. — From the point A draw AC at right 
angles to AB (I. 11), 

And make AD equal to AB (I. 3). 

Thi*ough the point D draw DE parallel 
to AB (I. 31). 

Through the point B draw BE parallel 
to AD (I. 31). 

Then ADEB shaU he the square re- 
quired. 

Proof. — Because DE is parallel to 
AB, and BE paiullel to AD (Const.), 
therefore ADEB is a paiBllelogram; 

Therefore AB is equal to DE, and AD to BE (I. 34). 

But AB is equal to AD (Const); 

Therefore the four straight lines BA, AD, DE, EB are 
equal to one another (Ax. 1), 

And the parallelogram ADEB is therefore equilateral. 

Likewise all its angles are right angles. 

For since the straight line AD meets the parallels AB, 
DE, the angles BAD, ADE are together equal to two right 
angles (I. 29). 

But BAD is a right angle (Const.) ; 

Therefore also ADE is a right angle (Ax. 3). 

But the opposite angles of paralielograms are equal (I. 34) ; 

Therefore each of the opposite angles ABE, BED is a right 
angle (Ax. 1) ; 

Therefore the figure ADEB is rectangular; and it has i^ ^" »^ 
been proved to be equilateral; therefore it is a square ^"^ 
(Def. 30). 

Therefore, the figure ADEB is a square, and it is described .'.» aqutu^. 
upon the given straight line AB. Q, E. F, 

Corollary. — Hence every parallelogram that has one 
right angle has all its angles right angles. 



It {r equl« 
lateral. 



PropoBition 47. — Theorem. 

Jn any rigJU-angled trirnigUy the square which is (leseribed 
upon the side opposite to the right cmgle is equal to the squares 
described upon tJie aides which contain the right angle. 
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C G is 

straight 
line. 
BAH is 
straiglit 



A ABT>a3 
A FBC. 



Let ABC 
angle BAG ; 

a 



bo a right-angled triangle, Laving the right 




Hence 
parallelo- 
gram BL 
= square 
GB, and 
parallelo- 
gram CL 
=- square 
HC. 



The square described upon the 
side BG shall be equal to the 
squares described upon BA, AC. 

Construction. — On BC de- 
scribe the square BDEC (I. 46). 

On BA, AC describe the squares 
GB, HC (I. 46). 

Through A draw AL parallel 
to BD or GE (I. 31). 
Join AD, EC. 

Proof. — Because the angle BAG 
is a right angle (Hyp.), and that the angle BAG- is also a 
right angle (Def. 30), 

The two straight lines AC, AG, upon opposite sides of 
AB, make with it at the point A the adjacent angles equal 
to two right angles ; 

Therefore GA is in the same straight line with AG (T. 14). 
For the same reason, AB and AH are in the same straight 
line.' 

Now the angle DBG is equal to the angle EBA, for each 
of them is a right angle (Ax. 11); add to each the angle ABC. 
Therefore the whole angle DBA is equal to the whole angle 
FBC (Ax. 2). 

And because the two sides AB, BD are equal to the two 
sides FB, BC, each to each (Def. 30), and the angle DBA 
equal to the angle FBC ; 

Therefore the base AD is equal to the base EC, and the 
triangle ABD to the triangle FBC (I. 4). 

Now the parallelogram BL is double of the triangle ABD, 
because they are on the same base BD, and between the 
same parallels BD, AL (I. 41). 

And the square GB is double of the triangle FBC, because 
they are on the same base FB, and between the same parallels 
FB, GG (L 41). 

But the doubles of equals are equal (Ax. 6), therefoi^e the 
parallelogram BL is equal to the square GB. 

In the same manner, by joining AE, BK, it can bo shown 
that the parallelogram CL is equal to the square HC. 
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Therefore the whole square BDEC is equal to the two 
squares GB, HC (Ax. 2); 

And the square BDEC is described on the straight line ^^+Aca 
BC, and the squares GB, HC upon BA, AC. 

Therefore the square described upon the side BC is equal 
to the squares described upon the sides BA, AC. 

Therefore; in any right-angled triangle, &c, Q. E, 2). 



PropoBition 48. — Theorem. 

If the squa/re described upon one of the aides of a triangle 
he eqiud to the sqv/O/res described upon the otJier two sides of 
it, the angle contained by tJiese two sides is a right angle. 

Let the square described upon BC, one of the sides of the 
triangle ABC, be equal to the squares described uj)on the 
other sides BA, AC; 

The angle BAC shall be a right angle. Draw 

Construction. — From the point A draw AD at right ri^fht 
angles to AC (L 1 1). ^§]^^ 

Make AD equal to BA (I. 3), and join DC. C^o not 

Proop. — Because DA is equal to AB, the square on DA ^ba,)*^ 
is equal to the square on BA. 

To each of these add the square on AC. 

Therefore the squares on DA, AC are 
equal to the squares on BA, AC (Ax. 2). 

But because the angle DAC is a right 
angle (Const), the square on DC is equal to 
the squares on DA, AC (I. 47), 

And the square on BC is equal to the 
squares on BA, AG (Hyp.) ; ^^„ 

Therefore the square on DC is equal to the square on BC Dca = 
(Ax. 1) ; Tn'd ' 

And therefore the side DC is equal to the side BC. no = Ba 

And because the side DA is equal to AB (Const), and AC 
common to the two triangles DAC, BAG, the two sides 
DA, AC are equal to the two sides BA, AC, each to 
each. 

And the base DC Jiaa been proyed equal to the base BC ; 
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z daJj = Therefore the angle DAC is equal to BAG (L 8). 
^BAC, But DAC is a light angle (Const.) ; 

Therefore also BAC is a right angle (Ax. 1). 

Therefore, if the square, dbc. Q, E, J), 



EXERCISES ON BOOK I 

Prop. 1—15. 

1. From the ^eater of two given straight lines to cut off a portion 
which is three tunes as long as the less. 

2. The line bisecting the yertical angle of an isosceles triangle also 
.bisects the base. 

3. Prove Euc. I. 5, by the method of super-position. 

4. In the figure to Euc. I. 5, show that the line joining A with 
the point of intersection of BG and FC, makes equal angles with 
AB and AC. 

5. ABC is an isosceles triangle, whose base is BC, and AD is 
perpendicular to BC ; every point in AD is equally distant from B 
and C. 

6. Show that the sum of the sum and difference of two given 
straight lines is twice the greater, and that the difference of the sum 
and difference is twice the less. 

7. Prove the same property with regard to angles. 

8. Make an angle which shall be three-fourths of a right angle. 

9. If, with the extremities of a given line as centres, circles be 
drawn intersecting in two points, the line joining the points of in< 
tersection will be perpendicular to the given mie, and will also 
bisect it. 

10. Find a point which is at a given distance from a given point 
and from a given line. 

11. Show that the sum of the angles round a given point are 
together equal to four right angles. 

12. If the exterior angle of a triangle and its adjacent interior 
angle be bisected, the bisecting lines wul be at right angles. 

13. If three points. A, B, C, be taken not in the same straight line, 
and AB and AC be joined and bisected by perpendiculars which meet 
in D, show that PA, PB^ PC are equal to each other. 

Peop. 16—32. 

^ 14. The })erpendiculars from the angular points upon the opposite 
sides of a triangle meet in a point. 

15. To construct an isosceles triangle on a given base, the side* 
being each of them double the given base. 
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16. Describe an isosceles trian^ having a given base, and whose 
vertical an^le is half 9 right angle. 

17. AB 18 a straight line, G and D are points on the same side of 
it ; find a point E in AB such that the sum of C£ and ED shall be a 
minimum. 

18. Having fidven two sides of a triangle and an angle, construct 
the triangle. Examine the cases when there will be ( 1 . ) one solution ; 
(2.) two solutions ; (3.) none. 

19. Given an angle of a triangle and the -sum and difiference of th^ 
two sides including the angle, to construct the triangle. 

20. Show that each of the angles of an equilateral triangle is two- 
thirds of a right angle, and hence show how to trisect a right angle. 

21. If two angles of a triangle be bisected by lines drawn from the 
angular points to a given point within, then the line bisecting the 
third angle will pass through the same point. 

22. The difference of any two sides of a triangle is less than the 
third side. 

23. If the angles at the base of a right-angled isosceles triancle be 
bisected, the bisecting line includes an angle which is three halves 
of a ri^t angle. 

24. The sum of the lines drawn from any point within a polvgon 
to the angular points is greater than half the sum of the sides of the 
polygon. 

Prop. 33—48. 

25. Show that the diagonals of a square bisect each other at right 
angles, and that tibe square described upon a semi-diagonal is half 
the given square. 

26. Divide a given line into any number of ecjual parts, and hence 
show how to divide a line similarly to a ^ven line. 

27. If D and £ be respectively the middle points of the sides BO 
and AC of the triangle AbO, and AD and BE be joined, and intersect 
in G, show that GD and GE are respectively one-third of AD and BE. 

28. The lines drawn to the bisections of the sides of a triangle 
from the opposite angles meet in a point. 

29. Describe a square which is five times a given square. 

30. Show that a square, hexagon, and dodecagon will fill up the 
•space round a x>oint. 

• 31. Divide a square into three equal areas, by lines drawn parallel 
to one of the diagon^s. 

32. Upon a given straight line construct a regular octagon. 

• 33. Divide a given triangle into equal triangles by lines drawn from 
one of the angles. 

34. If any two ansles of a quadrilateral are toother e^ual to two 
right angles, show that the sum of the other two is two nght an^es. 

• 35. The area of a trapezium having two parallel sides is equal to 
half the rectangle contained by the perpendicular distance between 
the parallel sides of the trapezium, aAd the sun^ of the parallel sid^t. 
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36. The area of any trapezium U half the rectangle contained by 
one of the diagonals of the trapezium, and the sum of the perpendicu- 
lars let fall upon it from the opposite angles. 

37. If the middle points ol the sides of a triangle be joined, the 
lines form a triangle whose area is one-fourth that of the given 
triangle. 

38. If the sides of a triangle be such that they are respectively the 
sum of two given lines, the difference of the same two lines, and 
twice the side of a square equal to the rectangle contained by these 
lines, the triangle shall be right-angled, having the right angle 
opposite to the tirst-named side. . 

39. If a point be taken within a triangle such that the lengths of 
the perpendiculars upon the sides are equal, show that the area of the 
rectangle contained by one of the perpendiculars and the perimeter of 
the triangle is double the area of tiie triangle. 

40. In the last problem, if be the given point, and OD, OE, OF 
the respective perpendiculars upon the sides BC, AC, and AB, 
show that the sum of the squares upon AD, OB, and DC exceeds the 
sum of the squares upon AF, BD, and CD by three times the square 
upon either of the perpendiculars. 

41. Having given tiie lengths of the segments AF, BD, CE, in 
Problem 40, construct the triangle. 

42. Draw a line, the square upon which shall be seven times the 
square upon a ^ven line. 

43. Draw a Ime, the square upon whifh shall be equal to the sum 
or difference of two given squares. 

44. Reduce a given polygon to an equivident triangle. 

45. Divide a triangle into equal areas by, drawing a line from a 
given point in a side. 

46. Do the same with a jj^iven parallelogram J 

47. If in the fig., Euc. 1. 47, tne square on the hypothenuse be on 
the other side, show how the other two squares may be made to cover 
exactly the square on the hypothenuse. 

48. The area of a quadrilateral whose diagonals are at right angles 
is half the rectangle contained by the diagonals. 

49. Bisect a given triangle by a straight line drawn from one of its 
angles. *. 

50. Do the same with a given rectilineal figure ABQDEF. 

51. If from the angle A of a triangle .^C a perpendicular be 
drawn meeting the base or base produced in D, show that the differ* 
ence of the squares of AB and AC is equal to the difference o( the 
squares of BD and DC. 

52. If a straight line join the points of bisection of two sides of a 
triangle, the base is double the length of this line. 

53. ABCD is a parallelogram, and E a point within it» and lines 
are drawn throngh E parallel to the sides of the parallelogram, show 
that E must lie on the diagonal AC when the figures BC and DE 
are equal. 

. 54. If ADy BE, CF, are the perpendiculars from the angular points 
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of the triangle ABC upon the opposite sides, show that the sum of the 
squares upon AE, CD, BF, is equal to the sum of the squares upon 
CE, BD, AF. 

55. The diagonals of a parallelogram bisect one another. 

56. Write out at full length a definition of parallelism, and then 
prove that the alternate an^es are equal when a straight line meets 
two parallel straight lines. 

57. ABCDE are the angular points of a regular pentagon, taken in 
order. Join AC and BD meeting in H, and show that A£DH is an 
equilateral parallelogram. 

58. Having given the middle points of the sides of a triangle, show 
how to construct the triangle. 

59. Show that the diagonal of a parallelogram diminishes while 
the angle from which it is drawn increases. What is the limit to 
which the diagonal approaches as the angle approaches respectively 
zero and two n^t angles ? 

60. A, B, Cy are three angles taken in order of a regular hexagon, 
show that the square on AC is three times the square upon a side of 
the hexagon. 
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MAGNETISM AND ELECTRICITY. 

By John Angell, Teacher of Science, Manchester. 



In Post Svo, cloth, Is. 6d. — In the Press. 
MAGNETISM AND ELECTRICITY. 

ENLARGED EDITION. 

Bt John Angell, Manchester. 



In Post Svo, Illustrated, cloth, 3s. 

MAGNETISM AND ELECTRICITY. 

By F. Guthrie, B.A., PLD., 
Royal School of Mines. 



In Fcap. Svo, Illustrated, cloth, Is. 
ACOUSTICS, LIGHT, AND HEAT. 

By William Lees, AM., 
Lecturer on Physics, Edinburgh. 



In Post Svo, Illustrated, doth, 2s. Sd. 

ACOUSTICS, LIGHT, AND HEAT. 
By William Lees, AM., Edinburgh. 



LONDON AND GLASGOW: 
WILLIAM COLLINS, SONS, k COMPANY. 



In PoH Svo, cloth, 1#. 6dL 

THEORETICAL MECHANICS 

By J. T. Bottomley, M.A., F.RS.E., 
University, Glasgow. 



Tn Post Svo, 100 Illustrations, cloth, \s, 6<f. 

HANDBOOK OF APPLIED MECHANICS. 
By Henby Evers, LL.D., Plymouth. 



In Fcap, 8tJ0, cloth^ 1*. — In the Press. 

METALLURGY. 
By John Mayer, F.G.S., Glasgow. 



/;) 2 Vols, Post Svo, Illustrated, cloth, 2s. 6d, eacK 

METALLURGY. 
By W. IL Greenwood A.R.S.M,, Manchester. 



LONDON AND GLASGOW: 
WILLIAM COLLINS, SONS, 4 COMPANY. 



In Fcap. 8vo, Illustrated^ doth, 1#. 

INORGANIC CHEMISTRY. 

By Dr. W. B. Kemshead, F.R.A.S., F.G.S., 
Dulwich, College, London. 



In Fcap. Svo, Illustrated,, cloth, Is. 

ORGANIC CHEMISTRY. 

By W. Marshall Watts, D.Sc. (London), 
Grammar School, Giggleswick. 



In Fcap. Svo, Illustrated, cloth, \s. 

PRACTICAL CHEMISTRY. 

By John HowarDj^ 
Head Master, Islington Science School, London. 



In Fcap, Svo, cloth. \s, 
QUALITATIVE CHEMICAL ANALYSIS. 

By F. Beilstein. 



In Post Svo, 2 Vols., Illustrated, cloth, 2s. 6d. each. 

INORGANIC CHEMISTRY. 
By T. E Thorpe, Ph.D., F.RS.R, Leeds. 



LONDON AND GLASGOW: 
WILLIAM COLLINS, SONS, & COMPANY. 



In Extra Fcap. 8vo, 254 pp,, cloth, Is. 64, 
HISTORY OF ENGLISH LITERATURE. 

By F. a. LAING. 



In Extra Fcap, 8w, 250 jop., cloth, \s. 6d 
READ I NG S 

IN 

ENGLISH LITERATURE— PROSE: 

BEINQ 

SELECTIONS FROM THE BEST ENGLISH AUTHORS 

FSOM THE 14tR to THE 19tH CeNTURIES. 



In Extra Fcap, Svo, 264 pp., cloth, 1». 6d, 
EMINENT ENGLISH WRITERS, 

WITH A BRIEF ACCOUNT OB THEIB. WORKS. 

By WILLIAM LAWSON, St. Mark's College, Chelsea- 



In Extra Fcap. Svo, 256 pp., cloth, Is, 6(L 

elocution; 

IN 

THEORY AND PRACTICE. 
By COMSTICK & MAIR. 



LONDON AND GLASGOW: 
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HISTORICAL GEOGRAPHY. 

THE POCKET ATLAS OF HISTORICAL GEOGRAPHY, 16 t. d. 
Maps, 6^ by II inches, mounted on Guards, Imperial i6mo, cloth, i 6 

THE CROWN ATLAS OF HISTORICAL GEOGRAPHY, 16 
Maps, with Letterpress Description by Wm. F. Collier, LL.D., 
Imperial i6mo, cloth, 2 6 

THE STUDENT'S ATLAS OF HISTORICAL GEOGRAPHY, 
16 Maps, wth Letterpress Description by Wm. F. Collier, LL.D., 
ovo, ciocn, ,,, ,,, ,,, ,,, ,., ,,, ,,, ,,, 2 o 

1 Roman Empire, Eastern and Western, 

4th Century. 

2 Europe, 6tli Century, shewing Settle- 

ments of the Barbarian Tribes. 
8 Europe, 9th Century, shewing Empire 
of Charlemagne. 



4 Europe, 10th Century, at the Rise of 

the German Empire. 
t Europe, 12th Century, at the Time of 

the Crusaders. 

6 Europe, 16th Century, at the Eve of 

the Reformation. 

7 Germany, 16th Century, Refonnation 

and Thirty Years' War. 



8 Europe, 17th and ISfli Centuries. 

9 Europe at the Peace of 1S15. 

10 Europe in 1870. 

11 India, illustmting the Rise of the 
British Empire. 

12 World, on Mercator*s Projection, 
shewing Voyages of Discovery. 

13 Britain under the Romans. 

14 Britain under the Saxons. 

15 Britain after Accession of William 

the Conqueror. 

16 France and Belgium, illustrating 

British History. 



CLASSICAL GEOGRAPHY. 

THE POCKET ATLAS OF CLASSICAL GEOGRAPHY, 15 
Maps, Imperial i6mo, 6| by 11 Inches, cloth lettered, I 

THE CROWN ATLAS OF CLASSICAL GEOGRAPHY, 15 Maps, 
with Descriptive Letterpress, by Leonhard Schmitz, LI .D., Imperial 
l6mo, cloth lettered, 2 

THE STUDENTS ATLAS OF CLASSICAL GEOGRAPHY, 15 
Maps, Imperial 8vo, with Descriptive Lettetpress, by Leonhard 
Schmitz, LL.D., cloth lettered, 3 

1 Orbis Yeteribus NotuB. | 9 Armenia, Mesopotamia, &c. 

2 J^yptus. { 10 Asia Minor. 
11 Palestine, (Temp. ChristL) 



8 Regnum Alexandri Magni. 

K Macedonia, Thracia, &c. 12 Gallia. 

6 Imperium Bomanum. 

6 GrsBcia. 

7 Italia, (Septentrionalis.) 

8 Italia, (Meridionalis.) 



13 Hispania. 

14 Germania, && 
16 Britannia. 



Historical and Classical Atlas. 

THE STUDENT'S ATLAS OF HISTORICAL AND CLASSI- 
CAL GEOGRAPHY, consisting of 30 Maps as above, with Intro- 
ductions on Historical Geography by W. F. Collier, LL.D., and on 
Classical Geography by Leonhard Schmitz, LL.D., with a Copious 
Index, Imperial 8 vo, cloth, 



London, .TUdinhurgli, and Uerrlot Hill v7ox'«.s, Glasgow. 
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SCRIPTURE GEOGRAPHY. 

THE ATLAS OF SCRIPTURE GEOGRAPHY, i6 Maps, with t. d. 

Questions on each Map, Stiff Cover, ... ... ... ... i o 

THE POCKET ATLAS OF SCRIPTURE GEOGRAPHY, i6 

Maps, 7^ by 9 inches, mounted on Guards, Imp. x6mo, cloth, ... i o 



1 Ancient World, shewing probable Set- 

tlements of Descendants of Noah. 

2 Countries mentioned in the Scriptures. 

3 Canaan in the time of the Patriarchs. 

4 Journeyings of the Israelites. 

5 Canaan as Divided among the Twelve 

Tnbes. 
G Tlie Dominions of David and Solomon. 

7 Babylonia, Assyria, Media, and Susiana. 

8 Palestine in the Time of Christ. 



9 Modem Palestine. 

10 Physical Map of Palestine. 

11 Joumcy9 of the Apostle Paul. 

12 Map shewing the prevailing Religions 

oftlie World- 

13 The Tabernacle in the Wilderness. 

14 Plans of Solomon's and Herod's Tem- 

ples. 

15 Flan of Ancient Jerusalem. 

16 Plan of Modem Jerusalem. 



BLANK PROJECTIONS AND OUTLINES. 

THE CROWN ATLAS OF BLANK PROJECTIONS, consisting 

of 16 Maps, Demy 4to, on Stout Drawing Paper, Stiff Wrapper, ... o 6 
THE CROWN OUTLINE ATLAS, 16 Maps, Demy 4to, Stout 

Drawing Paper, Stiff Wrapper, 06 

THE IMPERIAL ATLAS OF BLANK PROJECTIONS, consisting 

of 16 Maps, Imperial 4to, on Stout Drawing Paper, Stiff Wrapper, 1 6 
THE IMPERIAL OUTLINE ATLAS, 16 Maps, Imperial 4to, Stout 

Drawing Paper, Stiff Cover, 1 6 

A Specimen Map of any, of the foregoing Atlases free on receipt of two Penny Stamps, 

SCHOOL-ROOM WALL MAPS. 

Printed in Co/ours, and Mounted on Cloth and Rollers, f^arnished, 

CHART OF THE WORLD, 5 ft. 2 in. by 4 ft. 6 in 20 o 

CENTRAL AND SOUTHERN EUROPE, 5 ft. 2 in. by 4 ft 6 in., 20 o 
EUROPE, ASIA, AFRICA, NORTH AMERICA, SOUTH 
AMERICA, ENGLAND, SCOTLAND, IRELAND, PALES- 

TINE, INDIA, each 3 ft. by 2 ft. 5 in., 6 6 

UNITED STATES OF AMERICA, 3 ft. 11 inches by 2 ft. 4 id., 8 6 

COUNTY WALL MAPS. 

Printed in Colours, and Mounted on Cloth and Rollers^ Garnished, 

MIDDLESEX, LANCASHIRE, YORKSHIRE, WARWICK, 

DURHAM, CUMBERLAND, DERBYSHIRE, DORSET, 

GLOUCESTER, HAMPSHIRE, SOMERSET, STAFFORD, 

AND WILTS J each 54 in. by 48 in., 9 o 



CHART OF METRIC SYSTEM. 

CHART OF THE METRIC SYSTEM OF WEIGHTS AND 

MEASURES. Size 45 in. by 42 in., price, on Rollers, ... 9 o 
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